ABSTRACT. We prove the motivic version of the DT/PT-correspondence in [41] and the motivic flop formula of the curve counting invariants in the derived category of smooth Calabi-Yau threefold DM stacks. The main method we use is Bridgeland's Hall algebra identities and the motivic integration map of Bridgeland and Joyce from the motivic Hall algebra of the abelian category of coherent sheaves on a Calabi-Yau threefold DM stack Y to the motivic quantum torus, which is a Poisson algebra homomorphism.
using the perfect obstruction theory E • in the sense of Li-Tian [32] , and Behrend-Fantechi [5] on the moduli space X of stable sheaves over Y. If X is proper, then the virtual dimension of X is zero, and the integral
is the Donaldson-Thomas invariant of X. In general the Donaldson-Thomas invariants are defined for certain projective threefolds, and the virtual dimension is not zero and one should integrate some cohomology classes over the virtual fundamental cycle. Here we only restrict to the case of Calabi-Yau threefolds.
. [36] , [37] , [41] , etc.
. In this case the stable pairs really count curves with embedded points on the curve. Pandharipande and Thomas constructed a perfect obstruction theory on the moduli space P n (Y, β) and defined the stable pair invariants which we call the Pandharipande-Thomas (PT) invariants. The virtual count of PandharipandeThomas invariant is defined as:
The case of stable pairs of orbifolds or threefold DM stacks is similarly defined and there is a dimensional zero virtual fundamental class on the moduli scheme (stack).
From the definition of Z ′ DT,β (q), this conjecture is (1.1.5) Z PT,β (q) · Z DT,0 (q) = Z DT,β (q)
which can be written down as From [41] , the equation (1.1.6) can be interpreted as a wall-crossing formula for counting invariants in the bounded derived category D b (X) of coherent sheaves.
The DT/PT-correspondence in Conjecture 1.1 was proved by Bridgeland in [9] and Toda in [44] . Toda used the method of Joyce's wall crossing formula in the space of Bridgeland stability conditions on the derived category of Y. In this paper we follow the method of Bridgeland by proving some Hall algebra identities and then applying the integration map to get the DT/PT-correspondence. The orbifold version of the DT/PT-correspondence was proved by A. Bayer in [3] , but the paper is not available yet.
Similar method of Bridgeland on the Hall algebra identities works for threefold flops. J. Calabrese in [16] generalized Bridgeland's Hall algebra identities to the threefold flop case to give the flop formula for the Donaldson-Thomas type invariants. Note that in [21] we generalize the result of Calabrese to the case of flops of threefold DM stacks.
The main goal of this paper is to generalize the above DT/PT-correspondence formula and the flop formula of Donaldson-Thomas invariants to the motivic version by using the motivic integration map from the motivic Hall algebra H(A ) of the abelian category A of coherent sheaves on Y to the motivic quantum torus of Y proved in [20, Theorem 4.16 ].
The motivic DT/PT-correspondence.
. (1.2.1) For the DT moduli space I n (Y, β) and PT moduli space P n (Y, β), they both admit symmetric obstruction theories in the sense of Behrend in [4] . We let X := I n (Y, β) or P n (Y, β). In [4] Behrend proves that the invariant I n,β or P n,β is given by
where χ(X, ν X ) is the weighted Euler characteristic weighted by the Behrend function ν X of X. The Behrend function is an integer value constructible function on X defined by MacPherson's local Euler obstructions of prime cycles on X, see a survey introduction on the Behrend function in [25] . If Y is a threefold DM stack, then the moduli scheme I n (Y, β) and P n (Y, β) are all DM stacks. There are also symmetric obstruction theories on such DM stacks. If they are proper, the formula
is conjectured by Behrend in [4] and is proved in [22] .
. (1.2.2) An interesting question proposed by K. Behrend is whether there exists a global defined perverse sheaf F on the moduli scheme X such that
Such an idea is true if the moduli scheme X is the critical locus of a global regular function (or holomorphic) function f : M → κ on a higher smooth scheme M. Then the value of the Behrend function ν X is given by
where F P is the Milnor fiber of the function f at P ∈ X. The sheaf F is the perverse sheaf ϕ f [−1] of vanishing cycles of f and it is known that
Thus it is interesting to lift the Donaldson-Thomas invariants to the motivic level of cycles. [30] . We follow the proposal of JoyceSong in [26] to study the motivic Donaldson-Thomas invariants. We use the numerical K-group class α ∈ K(Y) to index the topological data of the moduli space. Let Ch : K(Y) → A * (Y) be the Chern character morphism. For α = (1, 0, −β, −n) let DT(α) := I n (Y, β) be the Donaldson-Thomas moduli space of ideal sheaves with topological data α.
Similarly let PT(α) := P n (Y, β) be the Pandharipande-Thomas moduli space of stable pairs with topological data α.
. (1.2.5) In [27] , Joyce proves that both DT(α) and PT(α) are d-critical schemes. Let us review the definition here. Let X be a scheme, from [27, Theorem 2.1], there exists a unique coherent sheaf S X such that it satisfies the properties in Theorem 2.1 of [27] , and the is a natural decomposition S X = κ X ⊕ S 0 X where κ X is the constant sheaf.
An algebraic d-critical scheme over the field κ is a pair (X, s), where X is a κ-scheme, locally of finite type, and s ∈ H 0 (S 0 X ). These data satisfy the following conditions: for any x ∈ X, there exists a Zariski open neighbourhood R of x in X, a smooth κ-scheme U, a regular function f : U → A 1 κ , and a closed embedding
is the morphism in [27, Theorem 2.1] fitting into the exact sequence
of sheaves of κ-vector spaces over R, where d maps
and i R,U is a morphism of sheaves of commutative κ-algebras. We call the quadruple (R, U, f , i) a d-critical chart on (X, s). Let (X, s) be an algebraic d-critical scheme, and X red ⊂ X the associated reduced κ-scheme. Then from [27, §2.5] there exists a line bundle K X,s on X red which we call the canonical line bundle of (X, s), that is natural up to canonical isomorphism, such that if (R, U, f , i) is a critical chart on (X, s), there is a natural isomorphism Bussi, Brav and Joyce [12] prove the following interesting result: Let (X, ω) be a (−1)-shifted symplectic derived scheme over κ in the sense of [42] , and let X := t 0 (X) be the associated classical κ-scheme of X. Then X naturally extends to an algebraic d-critical scheme (X, s). The canonical line bundle K X,s ∼ = det(L X )| X red is the determinant line bundle of the cotangent complex L X of X. [14] , the authors associated with this local chart a perverse sheaf of vanishing cycle
where
. (1.2.8) As in [14] , a principal Z 2 -bundle P → X is a proper, surjective,étale morphism of κ-schemes π : P → X together with a free involution σ : P → P such that the orbits of Z 2 are the fibers of π.
Let Z 2 (X) be the abelian group of isomorphism classes
and the identity the trivial bundle [X × Z 2 ]. We know that P ⊗ Z 2 P ∼ = X × Z 2 , so every element in Z 2 (X) has order 1 or 2.
In [14] , the authors define the motive of a principal Z 2 -bundle P → X by:
whereρ is theμ-action on P induced by the µ 2 -action on P.
In [14] , for any scheme Y, the authors define an ideal Iμ Y in Mμ Y which is generated by φ * (Υ(P ⊗ Z 2 Q) − Υ(P) ⊙ Υ(Q)) for all morphisms φ : X → Y and principal Z 2 -bundles P, Q over X. Then define
Then (Mμ Y , ⊙) is a commutative ring with ⊙ and there is a natural projection ∏μ Y : 
is the motive of the principal Z 2 -bundle defined in §2.5 of [14] .
. inside Mμ κ , which categorify the corresponding DT and PT invariants. The motivic DT/PT-correspondence can be stated as follows: The motivic DT partition function is defined as
The reduced partition function is given by
, where S φ DT,0 (q) is the degree zero motivic series and is calculated in [7] to be the motivic MacMahon function.
Let S PT (q) be the motivic Pandharipande-Thomas stable pair partition function defined as S φ
The motivic DT/PT-correspondence is the following:
The motivic DT/PT-correspondence for the conifold has been proved by Andrew Morrison, Sergei Mozgovoy, Kentaro Nagao and Balazs Szendroi by explicit calculations in [39] . The ADE singularity case was calculated by Sergei Mozgovoy in [40] .
1.3. The motivic Flop formula. Recall that an orbifold flop (in the sense of [21] ) between two smooth threefold DM stacks is given by the following diagram:
(1) Y and Y ′ are smooth Calabi-Yau threefold DM stacks; (2) S is a singular variety with only zero-dimensional singularities; (3) Both ψ and ψ ′ contract cyclic quotients of weighted projective lines
(4) Z is the common weighted blow-up along the exceptional locus. From Abramovich-Chen in [1] and [21] , the derived categories of Y and Y ′ are equivalent for such orbifold flops using the idea of perverse point sheaves of Bridgeland. The equivalence
is given by the Fourier-Mukai transformation Φ = FM, where
Moreover, the equivalence Φ also sends the abelian category of perverse sheaves to the abelian category of perverse sheaves.
(
be the filtration in terms of the support of dimensions. Let α be a K-group class in 
where ν H is the Behrend function in [4] of Hilb α (X ). Define the motivic DTpartition function by
The motivic PT-partition function is given by
We define the following motivic DT-type partition functions:
Then we have:
1.4. The higher rank stable pair and DT/PT-correspondence. Recently in [46] , Toda studied the higher rank stable pairs and the higher rank Donaldson-Thomas invariants. The DT/PT-correspondence in higher rank case is proved by Toda in [46] . For completeness, we provide here a motivic version of Toda's formula by using the similar method of him and Bridgeland in §2, taking into account the motivic integration map in higher rank case.
1.5. The outline for the proof. We follow the same method of Hall algebra identities of Bridgeland in [9] and [16] to prove Theorem 1.3 and Theorem 1.4. In [20, Theorem 4.16] we prove that the integration map from the motivic Hall algebra H(A ) of the abelian category of coherent sheaves on Y to the motivic quantum torus is a Poisson algebra homomorphism. Thus applying the integration map for the global motives of the DT and PT moduli schemes constructed in [14] , we get the motivic version of the DT/PT-correspondence and the motivic flop formula in Theorem 1.3 and Theorem 1.4. The higher rank case invariants of Toda is proved in a similar way.
1.6. Brief outline. In §2 we prove the motivic DT/PT-correspondence, and finishing the proof of Theorem 1.3. We prove Theorem 1.4 in §3. Finally in §4 we talk about the higher rank case of the DT/PT-correspondence.
Convention.
We work over an algebraically closed field κ throughout the paper. We use L to represent the Lefschetz motive [A 1 κ ]. We use Y to represent a quasiprojective threefold DM stack, and X the DT or PT moduli space of stable objects in the derived category. [28] , [10] . We define the integration map from motivic Hall algebra to the motivic quantum torus.
. (2.1.2)
We define the Grothendieck ring of stacks of finite type.
Definition 2.1. The Grothendieck ring of stacks K(St /κ) is defined to be the κ-vector space spanned by isomorphism classes of Artin stacks of finite type over κ with affine stabilizers, modulo the relations:
(1) for every pair of stacks X 1 and X 2 a relation:
(2) for any geometric bijection f : 
(2) for any diagram:
where g is a geometric bijection, then [X 1
→ S]; (3) for any pair of Zariski fibrations
with the same fibers, and g : Y → S, a relation
. (2.1.3) The motivic Hall algebra in [10] is defined as follows. Let M be the moduli stack of coherent sheaves on Y. It is an algebraic stack, locally of finite type over κ. The motivic Hall algebra is the vector space
equipped with a non-commutative product given by the role:
where h is defined by the following Cartesian square:
with M (2) the stack of short exact sequences in A , and the maps a 1 , a 2 , b send a short exact sequence 0 → A 1 −→ B −→ A 2 → 0 to sheaves A 1 , A 2 , and B respectively. Then H(A ) is an algebra over K(St /κ).
The integration map.
. (2.2.1) In this section we define the integration map from the motivic Hall algebra to the motivic quantum torus.
. (2.2.2)
Recall that in §3 of [10] , there exists maps of commutative rings:
where K(Sch /κ) is the Grothendieck ring of schemes of finite type over κ. Since
to be the span of classes of maps [X f → M] with X a scheme. An element of H(A ) is regular if it lies in H reg (A ). Then from Theorem 5.1 of [10] , the Hall algebra product preserves the regular elements in H reg (A ).
to be the span of classes of maps [X f → M] with (X, s) an algebraic d-critical scheme in the sense of Joyce [27] . Since X is a scheme, the module 
This bracket preserves the subalgebra H d−Crit (A ).
. (2.2.5) We define the motivic quantum torus. Let K(Y) = K(A ) be the Grothendieck group of the category A . Let E, F ∈ k(A ) and let
So χ(−, −) is a bilinear form on K(A ), which is called the Euler form. The numerical Grothendieck group is the quotient 
Let Mμ κ,loc be the ring Mμ κ,loc /Iμ κ with the product ⊙ reviewed in (1.2.6).
Definition 2.5. Define
Mμ κ,loc
to be the ring generated by symbols x α for α ∈ Γ, with product defined by:
Even the Euler form is skew-symmetric, this ring is not commutative due to the factor of power of the Lefschetz motive. For classes α, β ∈ Γ, we define 
and the extra factor is just L dim Ext 1 (E,F) .
We define the integration map. Let 
where : Mμ Z,loc → Mμ κ,loc is the pushforward of motives. [20] . The Euler characteristic level of these identities was originally proved for coherent sheaves by Joyce-Song [26] . These identities was recently proved by V. Bussi [15] using algebraic method and also works in characteristic p. In [19] we study these formulas using non-archimedean spaces. The stable pairs lies in the heart of a t-structure constructed in [9] . As in [9] , let
be the sub-category consisting of sheaves supported on dimension zero. Let Q = {E ∈ A|Hom(P, E) = 0 for P ∈ P }.
Then (P, Q) is a torsion pair:
(1) if P ∈ P and Q ∈ Q, then Hom A (P, Q) = 0; (2) Every E ∈ A fits into a short exact sequence
with P ∈ P and Q ∈ Q.
is defined by tilting the standard t-structure, see §2.2 of [9] . The heart A # of this new t-structure is given by:
We have Q = A ∩ A # and O X ∈ A # . Bridgeland [9] proves the following result: 
by only assuming the stacks X locally of finite type. As in [9] , the substack P ⊂ M, Q ⊂ M give rise to the elements
Also we have:
which parametrizes the DT moduli spaces.
. 
where i : N ֒→ M is the inclusion map. 
parametrizes the PT moduli spaces.
. (2.3.5) (Laurent subsets) As in [9] and [16] , we need to introduce Laurent elements in the numerical Grothendieck group K(Y). The reason to do this is that the infinite-type Hall algebra H ∞ (A ≤1 ) is too big to support an integration map and we have to work on spaces of locally finite type.
Definition 2.13. A subset S ⊂ Γ is called Laurent if for each β ∈ N 1 (Y) the set of integers n for which (β, n) ∈ S is bounded below.
Let Λ denote the set of Laurent subsets of Γ. Then the system of subsets satisfies the following properties:
(2) if S, T ∈ Λ and α ∈ Γ there are only finitely many decompositions α = β + γ with β ∈ S and γ ∈ T.
As in [9, §5.2], for any Γ-graded associative algebra R, the Λ-completion R Λ is defined to be the vector space of formal series:
with x (γ,δ,n) ∈ R x (γ,δ,n) , and x (γ,δ,n) = 0 outside a Laurent subset. The product is defined by:
Then the integration map I : H ssc (A ≤1 ) → Mμ κ [Γ] induces a morphism on the completions:
Proposition 2.14. ([9, Proposition 6.5])
We have the following Hall algebra identity:
Proof. The proof is the same as in [9, Proposition 6.5] by using the Hall algebra identities developed in section 4 of [9] . Note that in the preprint [3] , Bayer proves this for smooth three dimensional Calabi-Yau orbifolds.
Finishing the proof.
. (2.4.1) According to [9, §6.1], let H be an ample divisor on Y. Let γ ∈ Γ, and define the slope
A nonzero object E ∈ A ≤1 is (Gieseker or Simpon) semistable if µ(A) ≤ µ(E) for any nonzero subject A ⊂ E. Let SS(γ) ⊂ A ≤1 be the open stack whose κ-valued points are semistable sheaves of class γ. Note that if Ch 2 (γ) = 0, then γ has slope +∞. For a fixed I ⊂ (−∞, +∞], define SS(I) ⊂ A ≤1 to be the full subcategory consisting of zero objects together with those sheaves whose Harder-Narasimhan factors all have slope in I. Here any nonzero sheaf E ∈ A ≤1 has a unique Harder-Narasimhan filtration: 
Hence we get the following identity in
). Now applying the motivic integration map in (2.3.6) and note from Remark 2.6, the Poisson brackets vanish and we have:
The theorem is proved. 
This orbifold flop satisfies the following properties:
(1) ψ and ψ ′ are proper, birational and an isomorphism in codimension one; (2) S is projective and only has zero dimensional singular locus; (3) the dualising sheaf of Y is trivial, i.e. 
As in [1] there are two sub-categories of D b (Y):
The pair (B, C 2 ) gives a semiorthogonal decomposition on D b (Y). On the category C 2 , there is a standard t-structure which is induced from the standard t-structure on D b (Y).
Recall from [8] , for the map ψ : Y → S, there is a perverse t-structure t(−1) and the heart of this t-structure is denoted by Per −1 (Y/S). Recall that in [1] , the perverse sheaf is classified as follows: (1)
Recall that in [1] , the perverse sheaves can be obtained by tilting a torsion pair. We say that an object E ∈ D(A ) connects to C 2 , denoted by E|C 2 if E satisfies the conditions: Hom(E, C) = 0 for all C in C >0 2 and Hom(D,
is a torsion pair on A for p = −1, 0 and a tilt of A with respect to the torsion pair is the category of perverse coherent sheaves p A := Per p (Y/S). Then every element E ∈ p A fits into the exact sequence:
with F ∈ p F and T ∈ p T . From Bridgeland [8] and Abramovich-Chen [1] , the category of perverse sheaves forms a heart of t-structure on D b (Y). Usually there are actually two perversities p = −1, 0.
. (3.1.4) (Derived equivalence) Let ϕ : Y Y ′ be an orbifold flop, in this section we prove, following the method of [8] , [1] , that there is an equivalence between derived categories:
by the Fourier-Mukai transformation and 
where ψ : Y → S is the contraction map. Hence inside Hilb
.
(3.2.2) (Perverse Hilbert scheme)
Let A ≤1 ⊂ A be the full sub-category consisting of sheaves with support of dim ≤ 1. Similarly, p A ≤1 ⊂ p A is the full sub-category consisting of perverse sheaves with support of dim
The first element in our formula is
the Hilbert scheme of X , which parameterizes quotients 
This is because E ∈ p T , and the quotient of torsion is torsion. So the morphism
We also have a forgetful morphism: 
be the functor of D shifted by one. Then we have the following Hall algebra identity in [21] :
3.3. Laurent elements and a complete Hall algebra.
. (3.3.1) In this section we enlarge the definition of the Hall algebra, as in §4.2 of [9] and [16] . For the stack M, define infinite-type Grothendieck group L(St ∞ /S) by the symbols [X → S], but with X only assumed to be locally of finite type over S. Then we need to drop the relation (1) in Definition 2.2. The infinite-type Hall algebra is then
Remark 3.5. By working on infinite-type Hall algebra, we may not have integration map I in (2.2.7). We will have such an integration map I in the Laurent Hall algebra H Λ ⊂ H ∞ , and H(
So we have
Recall that we have a Chern character map: 
Let Λ be the set of all Laurent subsets of p ∆. The set Λ satisfies the following properties as in Lemma 3.10 of [16] :
then there exist only finitely many
The integration map is given by:
For any p ∆-graded associative algebra R, the Λ-completion R Λ is defined to be the vector space of formal series:
Then the integration map I :
induces a morphism on the completions:
Elements in H(
Let S be an algebraic stack of locally of finite type over κ,
is Laurent if S α is a stack of finite type for all α ∈ p ∆, and S α is empty for α outside a Laurent subset.
Then following results are due to Calabrese in [16] .
Proposition 3.7. The elements
Proof. The proof of the result is very similar to Proposition 3.13, 3.14, and 3.15 of [16] . The Laurentness of
is from the fact that once fixing numerical data (γ, δ, n), Riemann-Roch tells us that the subset α is bounded. That the element p H ≤1 is Laurent comes from a detail analysis that once we fix γ, n, varying δ then the corresponding perverse Hilbert scheme is of finite type. The case of H ≤1 is from the Hall algebra identity:
3.4. Finishing the proof.
be the image of the Chern character map of p A ≤1 . Then we have the motivic integration map
2) The proof of the formula in the Theorem is similar to the proof of [21, Theorem 1.3] . We want to apply the motivic integration map to the identity (3.2.6).
does not. We cancel the term 1 p F [1] from (3.2.6) after applying the motivic integration map. As in [16] , [21, §5.8] , define a stability condition µ by:
The stability condition µ is a weak stability condition in sense of Definition 3.5 of [26] . Then The set of µ-semistable objects of slope µ = 2 is p F [1] , and the set of µ-semistable objects of slope µ = 1 is p T exc . Let ǫ := log(
preserves the regular elements and the induced Poisson automorphism of
Applying the motivic integration map and note that Ext
i (E, F) = 0 since dim(supp E) ≤ 1, dim(supp F) ≤ 1, the Poisson brackets vanish and we have:
and note that
Now by the motivic DT/PT correspondence,
gives the equivalence:
So we are done. 
be the image of the Chern character map. We assume that v = (r, D, −β, −n) ∈ Γ and (r, D · ω 2 ) coprime.
. (4.1.3) For any coherent sheaf E on X, the slope µ ω is defined by:
The sheaf E is called µ ω -(semi)stable if for any nontrivial subsheaf F ⊂ E,
sheaves is a projective scheme, see [17] . The moduli scheme admits a symmetric obstruction theory of Behrend in [4] and
. The moduli scheme M DT (α) is naturally a d-critical scheme in the sense of Joyce in [27] . Assume that there is an orientation data K
in the sense of [12] , the global motive S
. (4.1.5) The higher rank DT invariants and stable pair invariants was introduced in Lo's work [35] in the study of Bayer's polynomial stability conditions [2] . As explained in [46] , if E is a locally free µ ω -(semi)stable sheaf on Y and F is a pure dimensional one sheaf and s : E → F is a morphism such that it is surjective in dimension one. Then
is a PT stable object. When E = O Y , this is the PT stable pair in [41] .
On the moduli space M PT (α), there is an algebraic d-critical locus in the sense of [27] and an orientation K
. Then the global motive . (4.2.1) We first recall Toda's tiling in [46] . For an interval I ⊂ R ∪ {∞}, set
From the existence of Harder-Narasimhan filtrations with respect to the µ ω -stability, we have the torsion pair:
For any E ∈ A µ , we have rank(E)
Then B µ is an abelian subcategory of A µ and
Then we can define µ ω -stability on Coh ≤1 (Y). Set
Then from [46, Definition 3.5],
where the bracket means the following: let us denote the elements inside the bracket by order 
such that for any torsion free µ ω -semistable sheaf E we have
Then the completions of Hall algebras are defined by: 
. (4.4.6) We know that the invariant N n counts semistable sheaves F ∈ Coh ≤0 (X) with χ(F ) = n.
Proposition 4.7.
We have:
,
Proof. This is the rank r version of the formula in [12] . In the paper [12] , see [12] . Then using the power structure on the motivic ring, [12] .
For higher rank r, the degree zero higher rank pair of Toda on A 3 κ is a r copies of stable pairs, and the degree zero stable pairs of PT is the same as the degree zero DT invariants, i.e. the Hilbert scheme of points on Y. So a direct analysis implies that .
